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Uniform compressionBased on a microstructured beam-grid model, closed form solutions for Eringen’s length scale coefﬁcient
are derived for the buckling of nonlocal rectangular plates under compressive uniaxial load. The micro-
structured beam-grid model comprises rigid beam elements connected by rotational springs and
torsional springs. Stiffness of the rotational springs and torsional springs are expressed in terms of the
plate ﬂexural and torsional rigidities, respectively. Exact buckling solutions are obtained for the micro-
structured beam-grid model. By interpreting the rigid element length as the internal characteristic
length, the Eringen’s length scale coefﬁcient e0 may be determined by comparing the buckling load from
the microstructured beam-grid model and the nonlocal rectangular plate model. The small length scale
coefﬁcient is shown to be dependent on the buckling mode, the aspect ratio of plate and boundary
conditions.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Lattice models can represent size-dependent mechanical
behavior in microscale materials (Ostoja-Starzewski, 2002). The
size dependency may be caused by inhomogeneity of microstruc-
tures in materials (McFarland and Colton, 2005). In three-dimen-
sional elasticity, a unit cell of the lattice is taken to be a
parallelepiped so as to represent the microstructure of a crystal lat-
tice or a grain of a granular material (Mindlin, 1964). These discrete
unit cells are much coarser than the true atomic ones and may rep-
resent larger volumes of heterogeneities, such as grains or clusters
of grains. The signiﬁcance of these lattice models is found to be
computationally economical in representing the true material
structure at the atomistic level.
Lattice model can be constructed based on Cauchy–Born rules
(Born and Huang, 1954), i.e. by equating the strain energy on the
continuum level to the potential energy in the small scale level
due to an imposed deformation (Arroyo and Belytschko, 2004). It
has been found that thematerial propertieswill become size depen-
dent when adopting the discrete lattice model on beam-like struc-
tures (Challamel et al., 2014; Zhang et al., 2013), membrane-likestructures (Ari and Eringen, 1983; Lombardo and Askes, 2010;
Rosenau, 1987), plate-like structures (Sun and Zhang, 2003), and
shell-like structures (Ostoja-Starzewski, 2002; Seung and Nelson,
1988).
The analytical equivalence among lattice models and contin-
uum models is of great signiﬁcance in micromechanics. This will
enable one to understand and identify the length scales in nonlocal
and strain gradient theories (Askes and Aifantis, 2011), since the
selection of length scale would affect the macroscopic mechanical
behavior (Maranganti and Sharma, 2007; Triantafyllidis and
Bardenhagen, 1996). However, few studies have been made in this
ﬁeld especially for Eringen’s nonlocal theories, though it has been
widely used in characterizing the mechanical behavior in small
scale materials (Arash and Wang, 2012). It is interesting to note
that Eringen and Kim (1977) have developed identical equation
of motion and total potential energy of both the nonlocal elasticity
and lattice models for one-dimensional and three-dimensional
wave propagation problems. Based on these relations, Eringen
(1983) identiﬁed the small length scale coefﬁcient e0 as a constant
value of 0.39 by matching the plane wave dispersion relations
between nonlocal elastic model and lattice model. The signiﬁcance
of this length scale coefﬁcient e0 lies in its capability to reproduce
nonlocal effect so as to invoke the size dependency by Eringen’s
nonlocal theory. For example, the value of length scale coefﬁcient
e0 has been estimated (Sudak, 2003) to be in the order of hundreds
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interesting study (Hu et al., 2008) on nonlocal shell model showed
e0 varying with dispersion problems from transverse waves to tor-
sional waves in carbon nanotubes.
Very recently, the authors proposed microstructured beam
models based on the Euler beam theory (Challamel et al., 2014)
and the Timoshenko beam theory (Zhang et al., 2013). The contin-
ualised buckling and vibration governing equations of microstruc-
tured beammodels have been found to resemble those of Eringen’s
nonlocal theory. As a result, Eringen’s small length scale coefﬁ-
cients e0 may be analytically calibrated from such microstructured
beam models. It is found that e0 ¼ 1=
ﬃﬃﬃﬃﬃﬃ
12
p
for the buckling problem
(Challamel et al., 2014; Zhang et al., 2013) of columns and
e0 ¼ 1=
ﬃﬃﬃ
6
p
for vibration problems of beams (Challamel et al.,
2013). Wang et al. (2013) showed that for an initially stressed
vibrating beam with simply supported ends, e0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
6 112 r0rc
q
where
r0 is the initial stress and rc the critical buckling stress. Neverthe-
less, all these models are one dimensional chains. So far there are
few studies on calibration of small length scale coefﬁcient for non-
local plates, although buckling problems of nonlocal plates have
been tackled (Arash and Wang, 2012; Pradhan and Murmu, 2009).
The aim of this paper is to develop a microstructured beam-grid
model for Eringen’s nonlocal plate buckling problems. By establish-
ing the exact solution to the proposed model, the small length scale
coefﬁcient can be found in a simple closed form. Based on the
derived analytical equivalence between the microstructured
beam-grid model and the nonlocal plate model, the inﬂuences of
boundary conditions, buckled mode shapes and aspect ratios on
the small length scale coefﬁcient for the buckling of nonlocal rect-
angular plates under a compressive uniaxial load will be discussed.
2. Nonlocal buckling of rectangular plates: a review
Consider a nonlocal rectangular plate under a compressive uni-
axial load Nx as shown in Fig. 1. The plate has a constant thickness
t, length Lx ¼ L, width Ly ¼ aL where 0 < a 6 1.
According to Eringen’s nonlocal theory, the constitutive rela-
tions for a rectangular plate can be written as (Pradhan and
Murmu, 2009; Wang, 2006; Wang and Varadan, 2007; Wang and
Wang, 2007)
rxx  ðe0aÞ2r2rxx ¼ E1 m2 ðexx þ meyyÞ ð1aÞ
ryy  ðe0aÞ2r2ryy ¼ E1 m2 ðeyy þ mexxÞ ð1bÞFig. 1. Nonlocal rectangular plate under compressive uniaxial load.rxy  ðe0aÞ2r2rxy ¼ 2Gexy ð1cÞ
where a is the internal characteristic length, e0 the small length
scale coefﬁcient, Laplacian operator r2 ¼ @2
@x2 þ @
2
@y2, rxx and ryy are
the normal stresses, rxy the shear stress, exx and eyy the normal
strain, exy the shear strain, E is Young’s modulus, G ¼ E=½2ð1þ mÞ
the shear modulus, and m the Poisson ratio.
By multiplying all terms in Eq. (1) by the thickness coordinate z
and then integrating over the thickness direction, one obtains the
following the strain–displacement relations
Mxx  ðe0aÞ2 @
2Mxx
@x2
þ @
2Mxx
@y2
 !
¼ D @
2w
@x2
þ m @
2w
@y2
 !
ð2aÞ
Myy  ðe0aÞ2 @
2Myy
@x2
þ @
2Myy
@y2
 !
¼ D @
2w
@y2
þ m @
2w
@x2
 !
ð2bÞ
Mxy  ðe0aÞ2 @
2Mxy
@x2
þ @
2Mxy
@y2
 !
¼ Dð1 mÞ @
2w
@x@y
ð2cÞ
whereMxx;Myy are the bending moments,Mxy the twisting moment,
w the transverse deﬂection and D ¼ Et312ð1m2Þ the ﬂexural rigidity and t
the plate thickness.
The buckling equation of a rectangular plate under a uniaxial
compressive load is given by Reddy (2007)
@2Mxx
@x2
þ 2 @
2Mxy
@x@y
þ @
2Myy
@y2
þ Nx @
2w
@x2
¼ 0 ð3Þ
By substituting Eq. (2) into Eq. (3), one can write the governing
equation for a nonlocal rectangular plate under a uniaxial load as
D
@4w
@x4
þ2 @
4w
@x2@y2
þ@
4w
@y4
" #
þNx@
2w
@x2
ðe0aÞ2Nx @
4w
@x4
þ @
4w
@x2@y2
 !
¼0
ð4Þ
By using the non-dimensional terms
x ¼ x
L
; y ¼ y
aL
; w ¼ w
L
; k ¼ NxðaLÞ
2
D
; g ¼ ðe0aÞ
2
a2L2
ð5Þ
Eq. (4) may be expressed as
a4ð1 gkÞ @
4w
@x4
þ @
4w
@y4
þ a2ð2 gkÞ @
4w
@x2@y2
þ a2k @
2w
@x2
¼ 0 ð6Þ2.1. Nonlocal SSSS plate
Consider a rectangular plate with simply supported edges (SSSS
plate) under uniaxial loading. The four boundary conditions for the
SSSS plate are
w ¼ 0; ð1 gkÞ @
2w
@x2
þ m 1
2
gk
 
@2w
@y2
¼ 0
at x ¼ 0 and x ¼ 1 ð7aÞ
w ¼ 0; @
2w
@y2
þ m 1
2
gk
 
@2w
@x2
¼ 0 at y ¼ 0 and y ¼ 1 ð7bÞ
Detailed derivation of boundary condition for buckling of non-
local plate under uniaxial loading is given in the Appendix.
In view of Eq. (7), the solution to Eq. (6) can be assumed to take
a double Fourier sine series, i.e.
wðx; yÞ ¼ sinmpx sinnpy ð8Þ
where m and n are the number of half waves in the x and y
directions of the rectangular plate. By assuming a single half wave
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Eq. (6), the nondimensional nonlocal buckling load kNL is given by
kNL ¼ p
2ð1þm2a2Þ2
m2a2½1þ gp2ð1þm2a2Þ ð9Þ
Since the classical (local) buckling load kL is given by Wang et al.
(2005)
kL ¼ p
2ð1þm2a2Þ2
m2a2
ð10Þ
the nonlocal buckling load kNL and classical (local) buckling load kL
have the following relation
kNL
kL
¼ 1
1þ gp2ð1þm2a2Þ ð11Þ
As g is a positive value, it can be seen that kNL 6 kL. So Eringen’s
nonlocal theory produces consistently a softening effect as found
earlier in buckling of beams, i.e. the nonlocal buckling load is smal-
ler than its classical local plate theory counterpart (Wang et al.,
2006; Wang and Varadan, 2005).
2.2. Nonlocal SCSC plate
Consider the nonlocal SCSC plate that has simply supported
edges parallel to the y axis and clamped edges parallel to the x axis.
The boundary conditions are given by
w ¼ 0; ð1 gkÞ @
2w
@x2
þ m 1
2
gk
 
@2w
@y2
¼ 0
at x ¼ 0 and x ¼ 1 ð12aÞ
w ¼ 0; @w
@y
¼ 0 at y ¼ 0 and y ¼ 1 ð12bÞ
In view of Eq. (12), the solution may be assumed to take the fol-
lowing form
wðx; yÞ ¼ sinmpxf ðyÞ ð13Þ
By substituting Eq. (13) into Eq. (12), one obtains
d4f
dy4
þ B1 d
2f
dy2
þ B2f ¼ 0 ð14Þ
where B1¼m2p2a2ðkg2Þ and B2¼m2p2a2ðm2p2a2m2p2a2kgkÞ.
The general solution to Eq. (14) can be written as (Timoshenko
and Gere, 1961)
f ðyÞ ¼ C1 coshð#yÞ þ C1 sinhð#yÞ þ C3 cosðnyÞ þ C4 sinðnyÞ ð15Þ
where # ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B214B2
p
2
q
and n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B214B2
p
2
q
. By substituting Eq.
(15) into Eq. (14), the characteristic equation for the buckling load
of a nonlocal SCSC plate is given by
2#nþ ð#2  n2Þ sin n sinh# 2#n cos n cosh# ¼ 0 ð16Þ
Note that Eq. (16) has a similar form with that for the local SCSC
plate (Wang et al., 2005).
3. Microstructured beam-grid model
The essential idea underlying the microstructured beammodels
is to replace the curved lines of deformation by straight lines. This
has been shown in one-dimensional microstructured beammodels
(Challamel et al., 2014; Zhang et al., 2013) where it is straightfor-
ward to divide the line element into rigid straight segments con-
nected by frictionless hinges with elastic rotational springs. In
this discrete representation, the bending moments are lumped atplaces that rotations are localized. Following this idea, a micro-
structured beam-grid for modeling a plate can be reproduced by
an assembly of chain net systems of rigid straight elements con-
nected at frictionless joints where rotations are localized. This
beam-grid model is described in the book by El Naschie (1991).
The rotational rigidity is furnished by spring-like devices at the
joints, as shown in Fig. 2(a). The torsional stiffness stored in the
plate elements is considered to be lumped in all four nodal joints
of the plate element. As shown in Fig. 2(b), a particular spring
device is installed in each unit cell, enclosing four rigid straight ele-
ments of the rectangular chain net.
In order to have a physically meaningful microstructured
model, the strain energy density for the rectangular unit cell of
rigid springs-connected element, illustrated in Fig. 2(a), has to be
equivalent to the original continuous plate element. Therefore,
the differential forms of moment-rotation relationships are
replaced by discrete expressions as (El Naschie, 1991)
Mi;jx ¼ D
Dhi;jx
Dx
þ mDh
i;j
y
Dy
 !
ð17aÞ
Mi;jy ¼ D
Dhi;jy
Dy
þ mDh
i;j
x
Dx
 !
ð17bÞ
where D is the ﬂexural rigidity and m the Poisson ratio.
The change of rotations Dhx and Dhy can be expressed in terms
of transverse displacement at point (i, j) as follows
Dhi;jx ¼
wiþ1;j wi;j
Dx
wi;j wi1;j
Dx
ð18aÞ
Dhi;jy ¼
wi;jþ1 wi;j
Dy
wi;j wi;j1
Dy
ð18bÞ
where Dx and Dy are the length of rigid element in x and y direc-
tions, respectively. They are given as Dx ¼ Lxnx and Dy ¼
Ly
ny
where
Lx is the length of the beam-grid in x direction, Ly the length in
y direction, nx and ny are the number of rigid elements in x and
y direction, respectively.
The bending energy at node (i, j) can be obtained as
Ui;jb ¼
1
2
Mi;jx Dh
i;j
x
 
Dyþ 1
2
Mi;jy Dh
i;j
y
 
Dx ð19Þ
This bending energy formulation can be understood from
Fig. 2(a), since the strain energy densities 12M
i;j
x Dh
i;j
x and
1
2M
i;j
y Dh
i;j
y
represent the lumped strain energy within a unit strip of Dy wide
along x direction and a perpendicular unit strip of Dx wide in y
direction, respectively.
Therefore, the contribution of bending strain energy could be
written as
Ub ¼ D2
Xnx1
i¼1
Xny1
j¼1
Dhi;jx
 2 Dy
Dx
þ Dhi;jy
 2 Dx
Dy
þ 2mDhi;jx Dhi;jy
 
ð20Þ
where Dhi;jx and Dh
i;j
y are change of rotations at node (i, j) of a micro-
structured model. The quantities nx  1 and ny  1 are the numbers
for change of rotations in x and y directions, respectively.
In addition, the strain energy due to edge springs for the case of
clamped ends is given by
Uc ¼ C2
Xcx
i¼1
Xcy
j¼1
Dhi;jcx
 2
þ ðDhi;jcy
2 
ð21Þ
where C is the spring stiffness at the clamped edges, cx and cy the
number of edge springs in all clamped edges in x and y directions,
Dhi;jcx and Dh
i;j
cy are the rotations of edge springs. It is clear that
Uc ¼ 0 for microstructured beam-grid with simply supported edges.
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the torsional strain energy is measured in terms of an enclosed
rectangular unit cell by four mutually paralleled elements. As
shown in Fig. 2(b), the torsional energy describes the total contri-
bution from four connected rigid bars in a closed rectangular loop,
i.e. unit cell (i, j). Therefore, the torsional energy for unit cell (i, j)
can be expressed as
Ui;jt ¼
1
2
Mi;jxyDh
i;j
xy
 
Dxþ 1
2
Mi;jyxDh
i;j
yx
 
Dy ð22Þ
As shown in Fig. 2(b), the torsional angle Dhi;jxy and Dh
i;j
yx can be
written as
Dhi;jxy ¼
wi;jþ1 wiþ1;jþ1
Dx
wi;j wiþ1;j
Dx
ð23aÞ
Dhi;jyx ¼
wi;jþ1 wi;j
Dy
wiþ1;jþ1 wiþ1;j
Dy
ð23bÞ
Knowing that Mxy ¼ Dð1 mÞ DhxyDy and Myx ¼ Dð1 mÞ DhyxDx , the
torsional energy for a unit cell is given by
Ui;jt ¼
D
2
ð1 mÞ ðDhi;jxyÞ
2 Dx
Dy
þ ðDhi;jyxÞ
2 Dy
Dx
 
ð24Þ
If we assume that Dy ¼ Dx, the total strain energy for a discrete
plate may be simpliﬁed to
U ¼ D
2
Xnx1
i¼1
Xny1
j¼1
ðDhi;jx þ Dhi;jy Þ
2 þ C
2
Xcx
i¼1
Xcy
j¼1
ðDhi;jcxÞ
2 þ ðDhi;jcyÞ
2
h i
 Dð1 mÞ
Xnx1
i¼1
Xny1
j¼1
Dhi;jx Dh
i;j
y 
Xnx
i¼1
Xny
j¼1
ðDhi;jxyÞ
2
" #
ð25Þ
where the second term vanishes if the edges are simply supported.
Consider a plate loaded under a compressive uniaxial load as
shown in Fig. 3. The work done by the uniaxial loading Nx is given
by
W ¼ NxDx2
Xnx
i¼1
Xny1
j¼1
1 cos hi;jx
 
 1
2
NxDx2
Xnx
i¼1
Xny1
j¼1
hi;jx
 2
ð26Þ
In view of Eqs. (25) and (26), the total energy function of the
microstructured beam-grid under uniaxial load can be expressed
as
P ¼ U W ¼ D
2
Xnx1
i¼1
Xny1
j¼1
ðDhi;jx þ Dhi;jy Þ
2 þ C
2
Xcx
i¼1
Xcy
j¼1
ðDhi;jcxÞ
2 þ ðDhi;jcyÞ
2h i
 Dð1 mÞ
Xnx1
i¼1
Xny1
j¼1
Dhi;jx Dh
i;j
y 
Xnx
i¼1
Xny
j¼1
ðDhi;jxyÞ
2
" #
 1
2
NxDx2
Xnx
i¼1
Xny1
j¼1
ðhi;jx Þ
2 ð27Þ(a)
Fig. 2. (a) Beam-grid model, (b) torsional deformationWe now derive the value of C for the clamped edge in terms of
the ﬂexural rigidity D. In view of Eq. (17), the bending moment can
be expressed as
Mi;jx ¼ D
wiþ1;j  2wi;j þwi1;j
Dx2
þ mwi;jþ1  2wi;j þwi;j1
Dy2
 
ð28Þ
Consider the edge at x ¼ 0 to be clamped. The clamped bound-
ary conditions require
wi;j ¼ 0 ð29aÞ
wiþ1;j wi1;j
Dx
¼ 0 ð29bÞ
at the edge. Knowing that i ¼ 0 at the clamped edge (x ¼ 0),
Eq. (29b) can be simpliﬁed to
w1;j w1;j ¼ 0 ð30Þ
In addition, the transverse displacements are zero along the
clamped edge x ¼ 0 and thus
w0;j1 ¼ w0;jþ1 ¼ 0 ð31Þ
Therefore the bending moment at the clamped end x ¼ 0, given
by Eq. (28) together with Eqs. (29a), (30) and (31), is given by
M0;jx ¼ D
2w1;j
Dx2
ð32Þ
It is noted that the bending moment corresponding to the strain
energy in Eq. (21) is given by
M0;jx ¼ Ch0;jcx ¼ C
w1;j
Dx2
ð33Þ
By comparing Eqs. (32) and (33), it is clear that the stiffness for
rotational springs of the microstructured beam-grid at a clamped
edge is given by
C ¼ 2D ð34Þ
Note that Eq. (34) has the same relationship found for the rota-
tional spring constant at the clamped end and the inner node for a
microstructured beam model (Challamel et al., 2013).
According to the variational principle, the governing buckling
equation can be obtained by
dP ¼ @P
@wi;j
¼ 0 ð35Þ
By substituting Eq. (27) into Eq. (35), the governing equation for
buckling is given by
n2yL
i;j þ kHi;jx ¼ 0 ð36Þ
where(b)
of a unit cell in microstructured beam-grid model.
Fig. 3. Buckling of microstructured beam-grid model under uniaxial load.
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 8ðwi;j1 þwi;jþ1 þwi1;j þwiþ1;jÞ
þ 2ðwiþ1;j1 þwiþ1;jþ1 þwi1;j1 þwi1;jþ1Þ ð37ÞHi;jx ¼ wi1;j  2wi;j þwiþ1;j and k ¼
NxðaLÞ2
D
It is worth noting that Eq. (36) matches exactly with the plate buck-
ling equation approximated by the central ﬁnite difference method
(Salvadori, 1951; Wang, 1953).
By expanding Eq. (36) into a matrix form for the whole plate,
the non-dimensional buckling load k can be obtained by solving
the characteristic equation obtained by setting the determinant
of the coefﬁcient matrix K to zero, i.e.
jKj ¼ 0 ð38Þ
It is seen that in a microstructured beam-grid model, the con-
ventional two-dimensional continuum plate theory is represented
in a discretized form. The in-plane bending and out-of-plane tor-
sion are characterized by rigid elements that are connected by
rotational and torsional springs. Therefore the bending and twist-
ing moments are lumped at individual spatial points. The strainFig. 4. Small length scale coefﬁcient with respect to different aspect ratio in SSand potential energies become size dependent when the kinemat-
ics of deformation is represented in terms of rigid element of equal
length. Here, one can appreciate the signiﬁcance of this microstruc-
tured beam-grid model in capturing the size dependent mechani-
cal behavior in materials.
3.1. Exact solution for buckling load by microstructured beam-grid
model
This section presents the exact solution to the central ﬁnite dif-
ference equation corresponding to the microstructured beam-grid
model. There are two different boundary conditions being consid-
ered, i.e. four edges simply supported (denoted by SSSS) and two
opposite edges simply supported while the two edges clamped
(denoted by SCSC).3.1.1. Microstructured SSSS beam-grid model
In the case of a microstructured plate with four edges simply
supported, the solution may take the following expression
wi;j ¼ w0 sinmpinx sin
npj
ny
ð39ÞSS rectangular plate (buckled with half wave, i.e. n ¼ 1, in y direction).
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respectively. nx and ny the number of elements in the x and y direc-
tions. The range of indices i, j are given by i 2 ½0;nx and j 2 ½0;ny .
By substituting Eq. (39) into Eq. (36), one obtains
sin
mpi
nx
sin
npj
ny
2n2y cos
mp
nx
þcosnp
ny
2
 2
þk cosmp
nx
1
 " #
¼0
ð40Þ
Therefore, one can obtain k as
k ¼
2n2y cos
mp
nx
þ cos npny  2
 2
1 cosmpnx
ð41Þ
Consider the buckling problem of a simply supported square
plate under uniaxial load. The critical buckling load occurs when
m ¼ 1, n ¼ 1, nx ¼ ny ¼ h in Eq. (40). The nondimensional buckling
load therefore is given by
k ¼ 8h2 1 cosp
h
 
¼ 8h2 1
2
p2
h2
 1
24
p4
h4
þ 1
720
p6
h6
þ   
 
ð42Þ
When the number of elements goes to inﬁnity, proposed solu-
tion of the discrete microstructured beam grid model approaches
that for its local continuum plate counterpart, i.e.
lim
h!þ1
k ¼ 4p2 ð43Þ
From Eq. (41), one can develop the relation between the mode
number and the critical load for buckling mode with a half sine
wave in the y direction (i.e. n = 1). This relation can be expressed as
m ¼ int p arccosðuÞ
ap
ny
 
ð44Þ
where a ¼ ny=nx and u ¼
k8n2yþ4n2y cos pnyþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k28kn2y 1cos pny
 r
4n2y
, the symbol
‘‘int[ ]’’ denotes the nearest integer when rounding-off of the value
of the function.
3.1.2. Microstructured SCSC beam-grid model
Consider the SCSC case, i.e. simply supported edges in the
x direction and clamped edges in the y direction. The buckling
solution can be expressed as
wi;j ¼ sinmpinx f ðjÞ ð45ÞFig. 5. Matching of buckling loads of SSSS nonlocal rectangular plate and
microstructured beam-grid model for different characteristic lengths indicated
by ny.where f ðjÞ ¼ Avj and A is a constant and v is an unknown function
which has to ensure that the deﬂection and slope are equal to zero
at the clamped edges.
By substituting Eq. (45) into Eq. (36), one obtains
D2 þ 4 cos mp
nx
 
 8
 
Dþ 4 cos mp
nx
  2
þ 2k
n2y
 16
 !
cos
mp
nx
 
 2k
n2y
þ 16 ¼ 0 ð46Þ
where D ¼ vþ 1v .
The roots for the quadratic equation in terms of D are given by
D1;2 ¼ 2þ 4 sinmp2nx
 2
 2
ﬃﬃﬃ
k
p
ny
sin
mp
2nx
ð47Þ
The unknown function v in f ðjÞ can be obtained from the follow-
ing relations
v ¼ D
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D
2
 2
 1
s
ð48Þ
More speciﬁcally,
v1;2 ¼ 1þ 2 sin
mp
2nx
 2

ﬃﬃﬃ
k
p
ny
sin
mp
2nx

ﬃﬃﬃﬃﬃﬃﬃ
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 1þ 2 sinmp
2nx
 2

ﬃﬃﬃ
k
p
ny
sin
mp
2nx
 !2vuut
v3;4 ¼ 1þ 2 sin
mp
2nx
 2
þ
ﬃﬃﬃ
k
p
ny
sin
mp
2nx

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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2nx
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 !2
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ð49Þ
By introducing the following two variables / and w deﬁned as
/ ¼ cos1 1þ 2 sinmp
2nx
 2

ﬃﬃﬃ
k
p
ny
sin
mp
2nx
" #
ð50aÞ
w ¼ cosh1 1þ 2 sinmp
2nx
 2
þ
ﬃﬃﬃ
k
p
ny
sin
mp
2nx
" #
ð50bÞ
v1;2 and v3;4 can be expressed simply as
v1;2 ¼ cos/
ﬃﬃﬃﬃﬃﬃﬃ
1
p
sin/ ð51aÞ
v3;4 ¼ coshw sinhw ð51bÞ
Consider an SCSC plate. In the x direction, the simply supported
boundary conditions are given by
wi;j ¼ 0; wiþ1;j þwi1;j ¼ 0 at i ¼ 0 and i ¼ nx ð52Þ
and the clamped boundary conditions in the y direction are
wi;j ¼ 0; wi;jþ1 wi;j1 ¼ 0 at j ¼ 0 and j ¼ ny ð53Þ
The general solution for wi;j can be assumed as
wi;j ¼w0 sinmpiny ½C1 sinðj/ÞþC2 cosðj/ÞþC3 sinhðjwÞþC4 coshðjwÞ
ð54Þ
It is seen that Eq. (52) is automatically satisﬁed by wi;j in terms
of Eq. (54). By substituting Eq. (54) into Eq. (53), the characteristic
equation for the buckling load can be extracted from the coefﬁcient
matrix for constants C1 to C4 as follows.
Fig. 6. Small length scale coefﬁcient with respect to different aspect ratios for SCSC plates.
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sinðny/Þ cosðny/Þ sinhðnywÞ coshðnywÞ
2sin/ 0 2sinhw 0
2cosðny/Þsin/ 2sinðny/Þsin/ 2coshðnywÞsinhw 2sinhðnywÞsinhw
									
									
¼0
ð55Þ
The critical load k for the SCSC microstructured beam-grid
model can be obtained by solving the following simpliﬁed version
of Eq. (55) as
2 cosðny/Þ coshðnywÞ  2

 
sinhw sin/
þ 2 cosh2w cos2 /
h i
sinhðnywÞ sinðny/Þ ¼ 0 ð56Þ4. Small length scale coefﬁcient based on microstructured
beam-grid model
As the number of micro-cells approaches inﬁnity, both mico-
structured beam-grid and nonlocal plate theories reduce to the
classical Kirchhoff–Love plate theory. The common feature of these
two models is that they can well describe the size dependency of
buckling load with respect to the internal characteristic size of rep-
resentative microstructures. When equating these two models, the
only unknown parameter left in the nonlocal plate theory is the
Eringen’s length scale coefﬁcient. Interestingly, the length scale
coefﬁcient is found to be explicitly calibrated by microstructured
models (Challamel et al., 2014, 2013; Eringen, 1983; Eringen and
Kim, 1977; Wang et al., 2013; Zhang et al., 2013). This may provide
a physical meaning of e0 to the microstructural geometrical con-
nectivity and distribution pattern. Therefore, the small length scale
coefﬁcient in Eringen’s nonlocal theory can be obtained by compar-
ing the solutions obtained from the microstructured beam-grid
model and the nonlocal plate model. The determination of the
small length scale coefﬁcient for uniaxially loaded nonlocal plates
with different boundary conditions will be presented below.
4.1. SSSS case
In order to calibrate the small length scale coefﬁcient, one need
to compare the buckling load obtained from nonlocal plate modeland microstructured beam-grid model. Assume that the internal
characteristic length a ¼ aL=ny ¼ L=nx where the quantity g in
Eq. (9) is given by g ¼ e20=n2y . By comparing Eqs. (9) and (41), one
can deduce that
2n2y cos
mp
nx
þ cos npny  2
 2
1 cosmpnx
 p
2ðm2a2 þ 1Þ2
m2a2 e
2
0
n2y
m2a2p2 þ e20
n2y
p2 þ 1
  ¼ 0
ð57Þ
By substituting nx ¼ ny=a into Eq. (57), the limit of Eringen’s
small length scale coefﬁcient e0 with respect to the number of
elements in the y direction can be expressed as
lim
ny!1
e20 ¼
ðm4a4 m2a2 þ 2Þ
12ðm2a2 þ 1Þ2
ð58Þ
Eq. (58) clearly shows that the small length scale coefﬁcient for
the uniaxial buckling of a rectangular SSSS plate is dependent on
the buckling mode m and the aspect ratio a.
By taking the half wave (n ¼ 1) in the y direction, the variation
of the small length scale coefﬁcient e0 with respect to the aspect
ratio a is shown in Fig. 4. It can be seen that e0 varies between
0.191 and 0.211. The maximum value of e0 is associated with a
rectangular plate with aspect ratio a ¼ 0:94 where the buckling
mode changes from m ¼ 1 to m ¼ 2 as shown in Fig. 4. The critical
aspect ratios at which the buckling mode switches are shown in
Fig. 4. By comparing the non-dimensional buckling load k in Eqs.
(9) and (38), one can also obtain e0 values by curve ﬁtting (Wang
et al., 2013). Calibrated value of e0 is shown in Fig. 5 and it is found
to be in very good agreement with that obtained by the closed
form solutions of e0 in Eq. (41) for uniaxial compression.4.2. SCSC case
For nonlocal SCSC plate under uniaxial load, the small length
scale coefﬁcient e0 can be obtained by comparing the buckling
loads from microstructured beam-grid model in Eq. (56) and non-
local plate in Eq. (16). It is seen from Fig. 6 that the small length
scale coefﬁcient is within the range of 0.305–0.463 when the
Fig. 7. Matching of buckling loads of square SCSC nonlocal plate and its
microstructured beam-grid model for different characteristic lengths indicated
by ny.
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are different from that obtained by nonlocal plate with SSSS
boundaries. This observation indicates that the boundary condi-
tions affect the small length scale coefﬁcient in nonlocal plates,
which is not seen in nonlocal beams. Fig. 7 shows a good agree-
ment of buckling solutions of the SCSC square nonlocal plate and
the microstructured beam-grid model with e0 ¼ 0:305.
5. Conclusion
In this study, a microstructured beam-grid model has been
proposed to calibrate the size dependent buckling behavior in
nanoplates. The signiﬁcance of Eringen’s small length scale
coefﬁcient e0 is found by relating the nonlocal plate model to the
microstructured beam-grid model when the internal characteristic
length of the former plate model takes the same length as that in
latter model. In contrast to the buckling of nonlocal Euler and
Timoshenko beams where e0 ¼ 1=
ﬃﬃﬃﬃﬃﬃ
12
p
 0:289, the length scale
coefﬁcient for buckling of nonlocal rectangular plates does not
have a constant value but it depends on the buckling mode, aspect
ratio and boundary conditions. For example, for nonlocal SSSS
plates e0 varies from 0.191 to 0.211 depending on the aspect ratio
while for nonlocal SCSC plates e0 varies from 0.305 to 0.463.
Appendix A. Boundary conditions for buckling of nonlocal
rectangular plates
In this section, boundary conditions for nonlocal plates will be
developed based on variational principle. Consider a nonlocal rect-
angular plate under uniaxial loading Nx. The strain energy can be
written as (Adali, 2008, 2009, 2012)
U¼
Z Ly
0
Z Lx
0
1
2
D
@2w
@x2
þ@
2w
@y2
 !2
2ð1mÞ @
2w
@x2
@2w
@y2
 @
2w
@x@y
 !224
3
5
8<
:
9=
;dxdy
þ
Z Ly
0
Z Lx
0
ðe0aÞ2
2
Nx
@2w
@x2
 !2
þ @
4w
@x2@y2
2
4
3
5
8<
:
9=
;dxdy ðA:1Þ
The work done by the compressive uniaxial load Nx is
W ¼ 1
2
Z Ly
0
Z Lx
0
Nx
@w
@x
 2
dxdy ðA:2ÞTherefore, the variational principle gives
dP ¼ dðU WÞ ¼ 0 ðA:3Þ
The Euler–Lagrange equation can be derived as
@P
@w
 @
@x
@P
@w;x
 
þ @
2
@x2
@P
@w;xx
 
þ @
2
@x@y
@P
@w;xy
 
þ @
2
@y2
@P
@w;yy
 
¼ 0
ðA:4Þ
By substituting Eqs. (A.1)–(A.3) into Eq. (A.4), the governing
equation furnishes
D
@4w
@x4
þ 2 @
4w
@x2@y2
þ @
4w
@y4
" #
þ Nx @
2w
@x2
 ðe0aÞ2 Nx @
4w
@x4
þ @
4w
@x2@y2
 !" #
¼ 0 ðA:5Þ
Eq. (A.5) is also obtained by Pradhan and Murmu (2009).
The transversality conditions are given by Courant and Hilbert
(1953)
@P
@w;x
 @
@x
@P
@w;xx
 
 @
@y
@P
@w;xy
 
¼ 0 at x ¼ 0 or x ¼ Lx ðA:6aÞ
@P
@w;y
 @
@y
@P
@w;yy
 
 @
@x
@P
@w;xy
 
¼ 0 at y ¼ 0 or y ¼ Ly ðA:6bÞ
and
@P
@w;xx
¼ 0 at x ¼ 0 or x ¼ Lx ðA:7aÞ
@P
@w;yy
¼ 0 at y ¼ 0 or y ¼ Ly ðA:7bÞ
By inserting Eqs. (A.1)–(A.3) into Eqs. (A.6) and (A.7), the
boundary conditions yield
Specify
Mx andMy
Vx andVy
 
or
@w
@x or
@w
@y
w
 
at
x¼0 or x¼Lx
y¼0 or y¼Ly
ðA:8aÞ
ðA:8bÞ
where
Mx ¼ D ðe0aÞ2Nx
h i @2w
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þ Dm 1
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